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PROOF OF SOME CONGRUENCE CONJECTURES OF
GUO AND LIU
GUO-SHUAI MAO
Abstract. Let n and r be positive integers. Define the numbers
S
(r)
n by S
(r)
n =
∑n
k=0
(
n
k
)2(2k
k
)
(2k + 1)r. In this paper we prove
some conjectures of Guo and Liu which extend some conjectures
of Z.-W. Sun [Su1], such as: There exist integers a2r−1 and br,
independent of n, such that
a2r−1
n−1∑
k=0
S
(2r−1)
k ≡ 0 (mod n
2) and br
n−1∑
k=0
kS
(r)
k ≡ 0 (mod n
2).
By Zeilberger algorithm, we find that for all 0 ≤ j < n,
(2j + 1)
(
2j
j
) n−1∑
k=j
(2k − j + 1)
(
k
j
)2
≡ 0 (mod n2).
1. Introduction
Differential equations of the Calabi-Yau type [AESZ] have the form
Dn,ky :=
(
k∑
i=0
Pi(θ)
)
y = 0,
where θ := z ∂
∂z
and the Pi(θ) are polynomials of degree n with integer
coefficients. Such equations are related to Ape´ry’s proof of the irra-
tionality of ζ(3). Ape´ry’s proof involved the sequence bn =
∑n
k=0
(
n
k
)2(n+k
k
)2
.
Zagier [Z] has made a study of similar sequences. One such sequence
is gn =
∑n
k=0
(
n
k
)2(2k
k
)
. The function y0(z) =
∑
∞
n=0Anz
n, where An =(
2n
n
)2
gn is the analytic solution of the 4-th order differential equation
Dy = (θ4−4z(2θ+1)2(10θ2+10θ+3)+144z2(2θ+1)2(2θ+3)2)y = 0,
which satisfies the condition y0(0) = A0 = 1.
The author and Z.-W. Sun [MS] made a study of the sequence gn.
Key words and phrases. Central binomial coefficients; Congruences; Bernoulli
numbers; Zeilberger algorithm.
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Z.-W. Sun [Su1] defined
Sn =
n∑
k=0
(
n
k
)2(
2k
k
)
(2k + 1) (n = 0, 1, 2, . . .),
and gave a nice property of the sum
∑n−1
k=0 Sk [Su1, (1.19)]:
1
n2
n−1∑
k=0
Sk =
n−1∑
k=0
(
n− 1
k
)2
Ck ∈ Z,
where Ck =
1
k+1
(
2k
k
)
is the k-th Catalan number.
Guo and Liu [GL] confirmed some conjectures of Z.-W. Sun for Sn
and gave an identity of the sum involving kSk [GL, (2.1)]
4
n2
n−1∑
k=0
kSk =
n−1∑
k=0
(
6k
(
n− 1
k
)2
+
(
n− 1
k
)(
n− 1
k + 1
))
Ck.
Z.-W. Sun also defined S−n =
∑n
k=0
(
n
k
)2(2k
k
)
(2k + 1)2(−1)k, and gave
some conjectures for these numbers [Su1, Conjecture 5.6]. Guo and Liu
[GL] proved one of those conjectures and defined
S(r)n =
n∑
k=0
(
n
k
)2(
2k
k
)
(2k+1)r , T (r)n =
n∑
k=0
(
n
k
)2(
2k
k
)
(2k+1)r(−1)k,
which extend Sn and S
−
n .
Guo and Liu [GL1] confirmed a conjecture of Z.-W. Sun [Su1] in-
volving Rn =
∑n
k=0
(
n+k
2k
)(
2k
k
)
1
2k−1
.
The following theorem confirms the Conjecture 5.1 of [GL].
Theorem 1.1. Let n and r be positive integers and p be a prime, then
we have
n−1∑
k=0
S
(2r)
k ≡ 0 (mod n
2), (1.1)
n−1∑
k=0
T
(2r)
k ≡ 0 (mod n
2), (1.2)
and
p−1∑
k=0
T
(2)
k ≡
p2
2
(
5− 3
(
5
p
))
(mod p3). (1.3)
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In [KM] we know Sm(n) = 1
m + 2m + · · · + (n − 1)m and the m-th
Bernoulli number can be written as Bm = Um/Vm where (Um, Vm) = 1
and Vm > 0. The Bernoulli numbers are given by
x
ex − 1
=
∞∑
n=0
Bn
xn
n!
(0 < |x| < 2pi).
We confirm the Conjecture 5.2 of Guo and Liu [GL] by the following
theorem.
Theorem 1.2. Let n and r be positive integers. Let
a2r−1 =
{
1 if r=1,
1
2
V2r−2 if r>1.
and
br =
{
2Vr−1 if r ≡ 1 (mod 2),
2Vr if r ≡ 0 (mod 2).
Then
a2r−1
n−1∑
k=0
S
(2r−1)
k ≡ 0 (mod n
2), (1.4)
br
n−1∑
k=0
kS
(r)
k ≡ 0 (mod n
2). (1.5)
Remark 1.1. By the formulas of a2r−1 and br we can partially answer
conjecture 5.3 of Guo and Liu [GL].
First we give some Lemmas in Section 2. Then we prove Theorems
1.1 and 1.2 in Section 3 and Section 4 respectively.
2. Some Preliminaries
In order to prove the above theorems, we give some lemmas first:
Lemma 2.1. [G, (1.48) and (6.30)] Let m and n be nonnegative inte-
gers, then
n∑
k=0
(
x+ k
m
)
=
(
n+ x+ 1
m+ 1
)
−
(
x
m+ 1
)
, (2.1)
and
n∑
k=0
(
n
k
)2(
x+ k
2n
)
=
(
x
n
)2
. (2.2)
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Lemma 2.2. [MS, Lemma 3.2] For any nonnegative integer n, we have
n∑
k=0
(
n
k
)2(
x+ k
2n+ 1
)
=
1
(4n+ 2)
(
2n
n
) n∑
k=0
(2x− 3k)
(
x
k
)2(
2k
k
)
. (2.3)
The identity (2.3) is crucial to our proofs of Theorems 1.1-1.2.
We know that the Euler numbers {En} and Euler polynomials {En(x)}
are defined by
2et
e2t + 1
=
∞∑
n=0
En
tn
n!
(|t| <
pi
2
) and
2ext
et + 1
=
∞∑
n=0
En(x)
tn
n!
(|t| < pi).
It is known that the Euler numbers and Euler polynomials have some
properties, such as E2n−1 = 0, En ∈ Z for all positive integer n, En(x)+
En(x+ 1) = 2x
n, En(
1
2
) = En/2
n and
En(x+ y) =
n∑
k=0
(
n
k
)
Ek(x)y
n−k. (2.4)
Lemma 2.3. Let n and r be positive integers, then we have
n−1∑
k=0
(2k + 1)2r−1 ≡ 0 (mod n).
Proof: We know that
n−1∑
k=0
(2k + 1)2r−1 =
n−1∑
j=0
(2n− 2j − 1)2r−1 ≡ −
n−1∑
j=0
(2j + 1)2r−1 (mod 2n),
hence
2
n−1∑
k=0
(2k + 1)2r−1 ≡ 0 (mod 2n).
Therefore
n−1∑
k=0
(2k + 1)2r−1 ≡ 0 (mod n).
This confirms Lemma 2.3. 
Lemma 2.4. For any positive integer n and r, we have
n−1∑
k=0
(2k + 1)2r−1(−1)k ≡ 0 (mod n).
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Proof: Combining En(x) + En(x + 1) = 2x
n with En(
1
2
) = En/2
n and
(2.4), we have
n−1∑
k=0
(−1)k(2k + 1)2r−1
=22r−2
n−1∑
k=0
(
(−1)kE2r−1
(
k +
1
2
)
− (−1)k+1E2r−1
(
k +
3
2
))
=22r−2
(
E2r−1
(
1
2
)
− (−1)nE2r−1
(
n+
1
2
))
=
E2r−1
2
− (−1)n
E2r−1
2
− (−1)n22r−2
2r−2∑
k=0
(
2r − 1
k
)
Ek
2k
n2r−1−k.
Note that E2n−1 = 0, En ∈ Z for all n ≥ 1 and 2
2r−2/2k ∈ Z for all
k = 0, 1, · · · , 2r − 2. So we obtain the desired result. 
3. Proof of Theorem 1.1
Proof of (1.1): By (2.2) and (2.1) we obtain that
n−1∑
k=0
S
(2r)
k =
n−1∑
j=0
(
2j
j
)
(2j + 1)2r
j∑
l=0
(
j
l
)2(
n + l
2j + 1
)
.
By using Lemma 2.2 we deduce that
n−1∑
k=0
S
(2r)
k =
1
2
n−1∑
j=0
(2j + 1)2r−1
j∑
l=0
(2n− 3l)
(
n
l
)2(
2l
l
)
.
With the help of Lemma 2.3 we have
n−1∑
k=0
S
(2r)
k
≡
n−1∑
l=1
n2(2n− 3l)
l2
(
n− 1
l − 1
)2(
2l − 1
l − 1
) n−1∑
j=l
(2j + 1)2r−1 (mod n2).
Note that
2n− 3l
l
(
n− 1
l − 1
)
= 2
(
n
l
)
− 3
(
n− 1
l − 1
)
∈ Z,
n
l
(
n− 1
l − 1
)
=
(
n
l
)
∈ Z
(3.1)
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and by using Lemma 2.3 again we have
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=0
(2j + 1)2r−1 ≡ 0 (mod n2)
and
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 l−1∑
j=0
(2j + 1)2r−1 ≡ 0 (mod n2).
Hence
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=l
(2j + 1)2r−1 ≡ 0 (mod n2).
Therefore
n−1∑
k=0
S
(2r)
k ≡ 0 (mod n
2).
This confirms (1.1). 
Proof of (1.2): By (2.2) and (2.1) we have
n−1∑
k=0
T
(2r)
k =
n−1∑
j=0
(
2j
j
)
(2j + 1)2r(−1)j
j∑
l=0
(
j
l
)2(
n + l
2j + 1
)
.
This, together with Lemma 2.2 yield that
n−1∑
k=0
T
(2r)
k =
1
2
n−1∑
j=0
(2j + 1)2r−1(−1)j
j∑
l=0
(2n− 3l)
(
n
l
)2(
2l
l
)
. (3.2)
By Lemma 2.4 we have
n−1∑
k=0
T
(2r)
k
≡
n−1∑
l=1
n2(2n− 3l)
l2
(
n− 1
l − 1
)2(
2l − 1
l − 1
) n−1∑
j=l
(2j + 1)2r−1(−1)j (mod n2).
By (3.1) and Lemma 2.4 again we have
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=0
(2j + 1)2r−1(−1)j ≡ 0 (mod n2)
and
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 l−1∑
j=0
(2j + 1)2r−1(−1)j ≡ 0 (mod n2).
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Therefore
n2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=l
(2j + 1)2r−1(−1)j ≡ 0 (mod n2).
Hence
n−1∑
k=0
T
(2r)
k ≡ 0 (mod n
2).
Thus we have completed the proof of (1.2). 
Proof of (1.3): Let n = p and r = 1 in (3.2) we have
p−1∑
k=0
T
(2)
k =
1
2
p−1∑
j=0
(2j + 1)(−1)j
j∑
l=0
(2p− 3l)
(
p
l
)2(
2l
l
)
.
By
∑p−1
j=0(2j + 1)(−1)
j = p,
∑p−1
j=l (2j + 1)(−1)
j = p+ (−1)ll and
(
p− 1
l − 1
)2
=
l−1∏
j=1
(
p
j
− 1
)2
≡ 1 (mod p)
we obtain that
p−1∑
k=0
T
(2)
k ≡ p
2 −
3
2
p2
p−1∑
l=1
(
2l
l
)
(−1)l (mod p3).
It is known that
(
2l
l
)
=
(
−
1
2
l
)
(−4)l ≡
(p−1
2
l
)
(−4)l (mod p), therefore
p−1∑
k=0
T
(2)
k ≡ p
2 −
3
2
p2
(p−1)/2∑
l=1
(p−1
2
l
)
4l
≡p2 −
3
2
p2
(
5(p−1)/2 − 1
)
≡
p2
2
(
5− 3
(
5
p
))
(mod p3).
Obviously
(
5
p
)
=
(
p
5
)
, so (1.3) follows. 
4. Proof of Theorem 1.2
Recall that the m-th Bernoulli number can be written as Bm =
Um/Vm where (Um, Vm) = 1 and Vm > 0.
Lemma 4.1. [KM, Proposition 15.2.2] If m ≥ 2 is an even integer,
then for all n ≥ 1 we have
VmSm(n) ≡ nUm (mod n
2).
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Lemma 4.2. Let n and r be positive integers and r > 1, then
V2r−2
n−1∑
j=0
(2j + 1)2r−2 ≡ 0 (mod 2n).
Proof: We know
∑n−1
j=0 (2j+1)
2r−2 = S2r−2(2n)−2
2r−2S2r−2(n), so that
by Lemma 4.1 we obtain that
V2r−2S2r−2(2n) ≡ 2nU2r−2 ≡ 0 (mod 2n)
and
V2r−2S2r−2(n) ≡ nU2r−2 ≡ 0 (mod n)
for all r > 1. So for all r > 1 we have
V2r−2
n−1∑
j=0
(2j + 1)2r−2 ≡ 0 (mod 2n).
This confirms Lemma 4.2. 
Proof of (1.4): For r = 1 we know
∑n−1
k=0 Sk ≡ 0 (mod n
2), which was
given by Z.-W. Sun, so we just need to show the result for all r > 1.
By (2.2) and (2.1) we have
n−1∑
k=0
S
(2r−1)
k =
n−1∑
j=0
(
2j
j
)
(2j + 1)2r−1
j∑
l=0
(
j
l
)2(
n+ l
2j + 1
)
.
Then via Lemma 2.2 we obtain
n−1∑
k=0
S
(2r−1)
k =
1
2
n−1∑
j=0
(2j + 1)2r−2
j∑
l=0
(2n− 3l)
(
n
l
)2(
2l
l
)
.
Therefore
V2r−2
n−1∑
k=0
S
(2r−1)
k − V2r−2n
n−1∑
j=0
(2j + 1)2r−2
=
V2r−2
2
n−1∑
j=1
(2j + 1)2r−2
j∑
l=1
(2n− 3l)
(
n
l
)2(
2l
l
)
=
n−1∑
l=1
V2r−2n
2(2n− 3l)
l2
(
n− 1
l − 1
)2(
2l − 1
l − 1
) n−1∑
j=l
(2j + 1)2r−2.
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This, together with Lemma 4.2 yield that
V2r−2
n−1∑
k=0
S
(2r−1)
k
≡
n−1∑
l=1
V2r−2n
2(2n− 3l)
l2
(
n− 1
l − 1
)2(
2l − 1
l − 1
) n−1∑
j=l
(2j + 1)2r−2 (mod 2n2).
By (3.1) and Lemma 4.2 we have
V2r−2n
2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=0
(2j + 1)2r−2 ≡ 0 (mod 2n2)
and
V2r−2n
2(2n− 3l)
l2
(
n− 1
l − 1
)2 l−1∑
j=0
(2j + 1)2r−2 ≡ 0 (mod 2n2).
Hence
V2r−2n
2(2n− 3l)
l2
(
n− 1
l − 1
)2 n−1∑
j=l
(2j + 1)2r−2 ≡ 0 (mod 2n2).
Therefore
V2r−2
n−1∑
k=0
S
(2r−1)
k ≡ 0 (mod 2n
2),
so we just need to take
a2r−1 =
{
1 if r=1,
1
2
V2r−2 if r>1.
So (1.4) follows. 
Lemma 4.3. For any positive integer n and 0 ≤ j < n we have
(2j + 1)
(
2j
j
) n−1∑
k=j
(2k − j + 1)
(
k
j
)2
≡ 0 (mod n2).
Proof: Set uj = (2j+1)
(
2j
j
)∑n−1
k=j (2k−j+1)
(
k
j
)2
. By Zeilberger [PWZ]
we obtain the explicit formula
uj =
(1 + 2j)n2
j + 1
(
2j
j
)(
n− 1
j
)2
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for all 0 ≤ j < n − 1. It is known that 1
j+1
(
2j
j
)
= Cj ∈ Z, so we have
uj ≡ 0 (mod n
2) for all 0 ≤ j < n− 1 and
un−1 = (2n− 1)
(
2n− 2
n− 1
)
n = n2
(
2n− 1
n− 1
)
≡ 0 (mod n2).
Hence uj ≡ 0 (mod n
2) for all 0 ≤ j < n. 
Proof of (1.5): First we have
n−1∑
k=0
(
4kS
(r)
k − S
(r+1)
k + 3S
(r)
k
)
=
n−1∑
k=0
k∑
j=0
(4k − 2j + 2)
(
k
j
)2(
2j
j
)
(2j + 1)r
=
n−1∑
j=0
(
2j
j
)
(2j + 1)r
n−1∑
k=j
(4k − 2j + 2)
(
k
j
)2
= 2
n−1∑
j=0
(2j + 1)r−1uj.
By Lemma 4.3 we deduce that
n−1∑
k=0
(
4kS
(r)
k − S
(r+1)
k + 3S
(r)
k
)
≡ 0 (mod 2n2).
We know when r = 1,
∑n−1
k=0 4kS
(r)
k ≡ 0 (mod n
2), which was given by
Guo and Liu [GL]. So we just need to show that for all r > 1 .
Case 1. If 2|r, then by (1.1) we have Vr
∑n−1
k=0 S
(r)
k ≡ 0 (mod 2n
2) since
6 always divides the denominator of Br [KM, (p.233)]. By (1.4) we
have Vr
∑n−1
k=0 S
(r+1)
k ≡ 0 (mod 2n
2). Hence
Vr
n−1∑
k=0
4kS
(r)
k ≡ 0 (mod 2n
2).
Case 2. If 2 ∤ r and r > 1, then by (1.1) we have Vr−1
∑n−1
k=0 S
(r+1)
k ≡
0 (mod 2n2) since 6 always divides the denominator of Br−1. By (1.4)
we have Vr−1
∑n−1
k=0 S
(r)
k ≡ 0 (mod 2n
2). Thus we have
Vr−1
n−1∑
k=0
4kS
(r)
k ≡ 0 (mod 2n
2).
So combining Case 1 and Case 2 we finally obtain that there exist
integers br such that
br
n−1∑
k=0
kS
(r)
k ≡ 0 (mod n
2).
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Hence we just need to take
br =
{
2Vr−1 if r ≡ 1 (mod 2),
2Vr if r ≡ 0 (mod 2).
So (1.5) follows. 
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